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Abstract
Let G be a graph on n vertices v1; v2; : : : ; vn and let d(vi) be the degree (= number of 5rst
neighbors) of the vertex vi. If (d(v1); d(v2); : : : ; d(vn))t is an eigenvector of the (0; 1)-adjacency
matrix of G, then G is said to be harmonic. Earlier all harmonic trees were determined; their
number is in5nite. We now show that for any c; c¿ 1, the number of connected harmonic graphs
with cyclomatic number c is 5nite. In particular, there are no connected non-regular unicyclic
and bicyclic harmonic graphs and there exist exactly four and eighteen connected non-regular
tricyclic and tetracyclic harmonic graphs.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G=(V (G); E(G)) be a graph, |V (G)|= n; |E(G)|=m, whose vertices are v1;
v2; : : : ; vn. If G has p components, then c=m − n + p is the cyclomatic number of
G and, conventionally, G is said to be c-cyclic; in particular, if c=1; 2; 3; 4 we speak
of unicyclic, bicyclic, tricyclic and tetracyclic graphs, respectively. If the graph G is
connected (p=1) and c=0 then G is a tree.
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Recall that c does not reHect the actual number of cycles in a particular graph. For
instance, if the graph is connected and c=3, then it possesses either 3 or 4 or 6 or 7
distinct cycles.
The number of 5rst neighbors of the vertex vi is the degree of this vertex and is
denoted by d(vi). A vertex of degree k will be referred to as a k-vertex. In addition,
vertices of degree zero and one are called isolated and pendent, respectively. The
column-vector (d(v1); d(v2); : : : ; d(vn))t is denoted by d(G).
The number of k-vertices is denoted by nk . Evidently,∑
k¿0
nk = n; (1)
∑
k¿0
knk =2m: (2)
The (0; 1)-adjacency matrix A(G) of the graph G is the square matrix of order n
whose (i; j)-entry is equal to unity if (vi; vj)∈E(G) and is zero if (vi; vj) =∈E(G). The
eigenvalues and eigenvectors of A(G) are said to be the eigenvalues and eigenvectors
of the graph G. These are studied within graph spectral theory whose details are found
in the books [1,2].
The graph G is said to be harmonic [3,4] if there exists a constant , such that the
equality
 d(vi)=
∑
(vi ; vj)∈E(G)
d(vj) (3)
holds for all i=1; 2; : : : ; n.
It is worth noting that some time ago Fajtlowicz proposed the concept of the dual
degree of a vertex as the average value of the degrees of its neighbors (see Conjectures
256 and 347 in [5]; see also [6], especially Corollary 2.2). Bearing this in mind we
can rewrite Eq. (3) as
1
d(vi)
∑
(vi ; vj)∈E(G)
d(vj)= 
which shows that harmonic graphs are precisely dual degree regular graphs.
It is easy to see that Eqs. (3) for i=1; 2; : : : ; n, are equivalent to
A(G)d(G)=  d(G); (4)
i.e., the graph G is harmonic if and only if d(G) is one of its eigenvectors. A graph
satisfying Eqs. (3) or (4) will be referred to as a -harmonic graph. Clearly,  is the
eigenvalue corresponding to the eigenvector d(G).
From Eq. (3) it is evident that  is a rational number. From Eq. (4) and the fact
that no proper fraction is a graph eigenvalue it follows that  must be an integer.
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Summing the expressions (3) over all i=1; 2; : : : ; n, and observing that then each
summand d(vj) is counted d(vj) times, we obtain∑
v∈V (G)
d(v) [d(v)− ] = 0; (5)
i.e., ∑
k¿0
k(k − ) nk =0; (6)
which are necessary, but not suLcient, conditions that harmonic graphs must obey.
The following elementary properties of harmonic graphs follow immediately from
the de5nition (3).
Lemma 1. (a) Let the graph G′ be obtained from the graph G by adding to it
an arbitrary number of isolated vertices. Then G′ is harmonic if and only if G is
harmonic.
(b) If G is a graph without isolated vertices, then G is -harmonic if and only if
all its components are -harmonic.
(c) Every regular graph is -harmonic, with  equal to the degree of the graph.
At this point we recall that there are in5nitely many connected unicyclic regular
graphs, namely the cycles Cn; n=3; 4; : : : . The number of connected regular graphs
with any 5xed value c of the cyclomatic number, c =1, is 5nite. (A regular graph of
degree r with cyclomatic number c has n=2(c − 1)=(r − 2) vertices. Therefore, for
a 5xed value of c the degree r is bounded and, consequently, n is bounded too.) In
particular, for c=0; 2; 3; 4 there are 1; 0; 1; 2 connected regular c-cyclic graphs, respec-
tively.
The following elementary properties of harmonic graphs result from de5nition (4)
and the well-known spectral properties of graphs (cf. [1, pp. 18–20]).
Lemma 2. Let G be a connected -harmonic graph.
(a)  is the greatest eigenvalue of G and its multiplicity is one.
(b) If m¿0 then ¿1.
(c) =1 if and only if G=K2.
In view of Lemma 1 it is reasonable to restrict our considerations to connected
non-regular graphs. The fact that such harmonic graphs do exist and that their
structure may be non-trivial became evident after the discovery of the noteworthy
Theorem 3 [4].
Let  be a positive integer. Construct the tree T in the following manner. T has a
total of 3−2 ++1 vertices, of which one vertex is a (2−+1)-vertex, 2−+1
vertices are -vertices and (− 1)(2 − + 1) vertices are pendent, i.e., each -vertex
is connected to − 1 pendent vertices and to the (2 − + 1)-vertex.
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Theorem 3 (Gr+unewald [4]). For any positive integer  there exists a unique -harm-
onic tree, isomorphic to T.
The case =2 can be settled by means of a graph spectral problem, solved long
time ago [7].
Theorem 4. The tree T2 (speci9ed above in connection with Theorem 3) is the unique
connected non-regular 2-harmonic graph.
Proof. Smith [7] determined the connected graphs whose greatest eigenvalue is
less than or equal to 2. These are the cycles Cn; n=3; 4; : : : and certain trees. The cycles
are regular graphs of degree 2. By Theorem 3, we already know which tree is
2-harmonic.
Bearing in mind Lemma 2 and Theorem 4, in what follows we may assume that
¿3.
2. Some auxiliary results
Lemma 5. (a) In a -harmonic graph every pendent vertex is adjacent to a vertex of
degree .
(b) If a -harmonic graph is not regular, then it has a vertex of degree greater
than .
(c) In a harmonic graph (with n¿2) no pendent vertex is attached to any vertex
of greatest degree.
Proof. (a) Follows from Eq. (3).
(b) Follows from Eq. (5).
(c) Suppose there are pendent vertices adjacent to a vertex v of greatest degree, then
we have by (a) d(v)= , whereas by (b) d(v)¿+ 1, contradiction.
Lemma 6. Let G be a connected -harmonic graph, possessing a vertex x to which
exactly − 1 pendent vertices are attached. Then G is isomorphic to T.
Proof. By Lemma 5a, d(x)= . A total of  − 1 pendent vertices are attached to x;
therefore x has only one more neighbor, say y. In order that Eq. (3) be applicable to
vertex x it must be
 · =(− 1) · 1 + d(y);
i.e., d(y)= 2−+1. Denote the neighbors of y other than x by zi; i=1; 2; : : : ; 2−.
The degree of any zi cannot be less than . To see this denote d(zi) by . Then
 = 2 − + 1 + ; (7)
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where  is the sum of the degrees of the neighbors of zi other than y. There are −1
such neighbors and therefore ¿ − 1, implying
(− 1)(− )60 (8)
which immediately leads to ¿.
The degree of zi cannot be greater than . To see this apply Eq. (1) to vertex y:
(2 − + 1)= +
2−∑
i=1
d(zi)
i.e.,
2−∑
i=1
d(zi)= (2 − ):
Because no summand on the left-hand side is less than , all summands must be equal
to .
Returning to (8) we now see that it must be =  and from (7) follows = − 1.
This means that all neighbors of zi except y are pendent vertices. Hence G coincides
with T.
Lemma 7. Let G be a connected harmonic graph possessing at least one cycle. Sup-
pose there exists an edge e such that G − e has two components, G1 and G2, with
G1 acyclic. Then G1 has exactly one vertex.
Proof. Let w be the vertex of G1 incident to the edge e. Lemma 7 claims that w is
the only vertex of G1.
Assume the opposite, namely that G1 has vertices other than w. Because G1 is acyclic
some of these must be pendent. Choose one of the pendent vertices u that is at the
greatest distance from w. Let u be adjacent to vertex x. (It is immaterial whether x does
or does not coincide with w.) Then d(x)= . Among the neighbors of x one belongs
to the path connecting w and u and its degree is greater than 1. The remaining − 2
neighbors must all be pendent vertices, because otherwise u would not be the vertex
at greatest distance from w. Thus exactly − 1 pendent vertices are attached to vertex
x. By Lemma 6, G must be the harmonic tree T, which contradicts the assumption
that G is cyclic.
Therefore, G1 cannot possess more than one vertex.
Lemma 8. If x is a vertex of a -harmonic graph G, then d(x)62 − + 1.
Proof. Let yi; i=1; 2; : : : ; d(x), be the vertices adjacent to x and let zij;
j=1; 2; : : : ; d(yi)− 1 be the vertices adjacent to yi other than x. Then by Eq. (3),
 d(yi)=d(x) +
d(yi)−1∑
j=1
d(zij)¿d(x) + d(yi)− 1;
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from which d(yi)¿[d(x)− 1]=(− 1). On the other hand,
 d(x)=
d(x)∑
i=1
d(yi)¿d(x) [d(x)− 1]=(− 1);
from which d(x)62 − + 1.
Remark. If d(x)= 2 −  + 1, then x belongs to the harmonic tree T. Otherwise,
d(x)62 − .
Lemma 9. Let G =T be a connected c-cyclic -harmonic graph with ¿3. Then
c¿ 12 (
2 − 2+ 2).
Proof. Let v∈V (G). Denote by n1(v) the number of pendent neighbors of v. Let 
be the maximum degree of G. For any connected graph G (not necessarily harmonic),
c=
1
2

2 +
∑
v∈V (G)
d(v)¿2
[d(v)− 2− n1(v)]

 :
The above formula is obtained from c=m− n+ 1 and the facts that
m=
1
2
∑
v∈V (G)
=
1
2


∑
v∈V (G)
d(v)¿2
d(v) +
∑
v∈V (G)
d(v)¿2
n1(v)

 ;
n=
∑
v∈V (G)
1=
∑
v∈V (G)
d(v)¿2
1 +
∑
v∈V (G)
d(v)¿2
n1(v):
For every connected -harmonic graph G, all vertices of degree 1 have a neighbor
of degree , so that
c=
1
2

2 +
∑
v∈V (G)
d(v)=
[− 2− n1(v)] +
∑
v∈V (G)
 =d(v)¿2
[d(v)− 2]

 : (9)
If G =T, then by Lemma 6, every summand on the right-hand side of the above
expression is at least 0. Then we obtain a lower bound for the cyclomatic number if
we sum over any subset of vertices of degree at least 2.
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Let c¿0. Consider a connected c-cyclic -harmonic graph G. Let u be a vertex of
G with degree . By Lemmas 5c and 7, G− u has no acyclic component. Hence, the
maximal possible degree of u is 2c, which happens when u is incident to two edges
of each (independent) cycle of G. To see this, let Gi be a component of G−u with ni
vertices and mi edges. We have c=
∑k
i=1 (mi − ni) + (− 1) + 1. Therefore, because
mi − ni¿ − 1 for all i, and because any Gi received at least 2 edges from u, we get
6c + k6c + =2 and then 62c.
Consequently, Lemma 9 is true for ¿2 − 2+ 2.
Assume that there is a -harmonic connected graph G with c¡ 12 (
2 − 2+ 2) and
2 − 2+2¿¿. Let a= (2 − 2+2)=. Then 26a6− 1, and a¿2 − 2+
2¿(a − 1). Let u∈V (G) with d(u)=. Let b be the maximum number such that
there is a neighbor v of u with n1(v)= b.
Case 1: b6 − a − 1. Denote by N (u) the set of neighbors of the vertex u. Let
w1; : : : ; wk be all neighbors of u with d(wi) =  for 16i6k. Then
c¿
1
2

2 + − 2 +
∑
v∈N (u)
d(v)=
[− 2− n1(v)] +
k∑
i=1
[d(wi)− 2]

 :
Bearing in mind that a− 16− 2;∑ki=1 d(wi)= k, and using reasoning similar as in
the derivation of formula (9), we further get
c¿
1
2

+
∑
v∈N (u)
d(v)=
(a− 1) + k(− 2)


=
1
2
[+ (− k)(a− 1) + k(− 2)]
¿
1
2
a¿
1
2
(2 − 2+ 2):
Case 2: b¿ − a. Let v be a neighbor of u with n1(v)= b. Since v is adjacent
to at least  − a¿1 pendent vertices, we have d(v)= . Let y1; : : : ; y be the neigh-
bors of v where d(ya+i)= 1 for 16i6 − a. Hence, 2 =  − a +
∑a
i=1 d(yi). We
assume that there is j∈{1; : : : ; a} with d(yj)= . Then 2 −  + a=
∑a
i=1 d(yi)6
 + (a − 1)¡ + 2 − 2 + 2= 2 − 2 + 2, a contradiction to a¿2. Therefore,
d(yi) =  for 16i6a, where a6− 1, implying
c¿
1
2
(
2 +
a∑
i=1
[d(yi)− 2]
)
= 12(2 + 
2 − + a− 2a)¿ 12 (2 − 2+ 2):
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Remark. For =2k, the bound of Lemma 9 is attained by the graph containing a
vertex u of degree 2 − 2 + 2= with neighbors v1; : : : ; v, with edges v2i−1v2i for
16i6=2, and with − 2 pendent vertices adjacent to each vertex vi for 16i6.
Lemma 10. For the -harmonic tree, n1 = ( − 1) n. For any other connected
-harmonic graph, n16(− 2) n.
Proof. By Lemma 5a, every pendent vertex is adjacent to a -vertex. If n1¿(−2) n,
then  − 1 pendent vertices are attached to at least one -vertex. By Lemma 6, the
respective harmonic graph must be T. Hence in connected cyclic harmonic graphs it
cannot be n1¿(− 2) n.
3. The number of c-cyclic harmonic graphs, c¿3
Theorem 11. For any c; c¿3, there is a 9nite number of connected non-regular
c-cyclic harmonic graphs.
Proof. By Lemma 9, for a 5xed value of c the parameter  is bounded. Then by
Lemma 8, nk =0 for suLciently large k. Combining Eqs. (1) and (2), and bearing in
mind that the graph considered is connected (m= n+ c − 1) yields∑
k
(k − 2) nk =2c − 2; (10)
i.e.,
−n1 + (− 2) n +
∑
k =1;2; 
(k − 2) nk =2c − 2¿0:
By Lemma 10, −n1 + ( − 2) n is non-negative. Therefore, if c is 5xed, then for all
values of k; k =1; 2; , the quantities nk are bounded.
Rewriting Eq. (6) as∑
k¡
k(− k) nk =
∑
k¿
k(k − ) nk
and bearing in mind that the right-hand side sum is bounded, we see that n1 and n2
are bounded. Then, from the fact that −n1 + ( − 2) n is bounded, it follows that n
is also bounded. Hence, the quantities nk are bounded for all values of k.
Consequently, for any 5xed value of c; c¿3, the number of vertices of connected
non-regular c-cyclic harmonic graphs cannot be arbitrarily large.
For any c; c¿3, there exists at least one connected non-regular c-cyclic harmonic
graph. A self-explanatory example is the family of 3-harmonic graphs with c=3; 4;
5; : : : ; shown in Fig. 1.
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Fig. 1. First members of a family of 3-harmonic graphs, for which the cyclomatic number c is 4–7. By
continuing the series we arrive at harmonic graphs with any desired value of c.
Remark. In view of Theorem 12, the statement of Theorem 11 is true also for c=1
and c=2. In Theorem 11 the word “non-regular” may be left out.
4. Unicyclic, bicyclic, tricyclic, and tetracyclic harmonic graphs
Theorem 12. (a) The only connected unicyclic harmonic graphs are the cycles (which
are regular graphs).
(b) There are no connected non-regular bicyclic harmonic graphs.
Proof. According to Lemma 9, for c=1 and c=2 it must be 62. From Lemma 2c
and Theorem 4 we know that there are no non-regular harmonic graphs with =1 or
=2.
Remark. In Theorem 12b the word “non-regular” may be left out.
Theorem 13. There are exactly four connected non-regular tricyclic harmonic graphs,
depicted in Fig. 2.
Proof. Following the remark after Theorem 4, we suppose ¿3. By Lemma 9, if c=3
then  cannot exceed 3, so it remains to study the case =3. Since 62c and bearing
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G
G
G
G
1 2
3 4
Fig. 2. Connected non-regular tricyclic harmonic graphs; they all have =3.
in mind Lemma 5b, it remains to separately examine the following three cases:
Case 1: =3; =6,
Case 2: =3; =5,
Case 3: =3; =4.
Case 1: By Lemma 10, n3 − n1¿0. Application of Eq. (10) yields
−n1 + n3 + 2n4 + 3n5 + 4n6 = 4
from which it follows:
n1 = n3; n4 = n5 = 0; n6 = 1: (11)
Application of Eq. (6) yields
−2n1 − 2n2 + 4n4 + 10n5 + 18n6 = 0;
with n6¿1, which together with (11) implies
n1 + n2 = 9:
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There are 10 vertex degree distributions that satisfy the above conditions:
n1 n2 n3 n6
i 0 9 0 1
ii 1 8 1 1
iii 2 7 2 1
iv 3 6 3 1
v 4 5 4 1
vi 5 4 5 1
vii 6 3 6 1
viii 7 2 7 1
ix 8 1 8 1
x 9 0 9 1
Because =3, the sum of the degrees of the six neighbors of the 6-vertex must be
18 which requires that all these neighbors are 3-vertices. In choices i–vi, n3¡6 and
therefore these are impossible.
Each vertex adjacent to the 6-vertex has two more neighbors, the sum of whose
degrees must be 3. Hence each vertex adjacent to the 6-vertex has as neighbor a
2-vertex. This is possible only if n2¿3, which eliminates choices viii–x.
There remains the choice vii. It is easy to envisage that G1, depicted in Fig. 2, has
the required vertex degree distribution and that it is the unique 3-harmonic graph of
this kind.
Case 2: Eqs. (10) and (6) become now
−n1 + n3 + 2n4 + 3n5 = 4
and
−2n1 − 2n2 + 4n4 + 10n5 = 0;
which together with the inequality n3 − n1¿0 imply
n1 + n2 = 5; n3 = n1 + 1; n4 = 0; n5 = 1:
These conditions are satis5ed by the following vertex degree distributions:
n1 n2 n3 n5
i 0 5 1 1
ii 1 4 2 1
iii 2 3 3 1
iv 3 2 4 1
v 4 1 5 1
vi 5 0 6 1
Because the 5-vertex must have 5ve neighbors of degree 3, we may abandon com-
binations i–iv for which n3¡5.
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Each vertex adjacent to the 5-vertex has two more neighbors, the sum of whose
degrees must be 4. This requires either a pair of 2-vertices or a 3-vertex and a pendent
vertex. For this n1 = 4; n2 = 1 is insuLcient, and the choice v has to be dropped.
The vertex degree distribution vi is feasible, resulting in the graph G2, depicted in
Fig. 2. Note that G2 is the only graph (up to isomorphism) with such properties.
Case 3. Eq. (10) results now in
−n1 + n3 + 2n4 = 4
with n4¿1. This relation is compatible with either n4 = 1 or n4 = 2.
Subcase 3a: n4 = 1.
Then Eqs. (10) and (6) lead to the following three possibilities:
n1 n2 n3 n4
i 0 2 2 1
ii 1 1 3 1
iii 2 0 4 1
which all must be discarded. Indeed, i and ii disagree with the requirement that the 4-
vertex has four neighbors that are all 3-vertices. Any neighbor of the 4-vertex has two
more neighbors, one of which is a 3-vertex and the other a 2-vertex. This eliminates
the choice iii.
Subcase 3b: n4 = 2.
Then n3 = n1 and n1+n2 = 4 and the following combinations of the numbers n1; n2; n3;
n4 are possible:
n1 n2 n3 n4
i 0 4 0 2
ii 1 3 1 2
iii 2 2 2 2
iv 3 1 3 2
v 4 0 4 2
If the two 4-vertices are not adjacent, then all their neighbors must be 3-vertices,
requiring n3¿4. This eliminates choices i–iv. The vertex degree distribution v is pos-
sible, resulting in the unique harmonic graph G3, depicted in Fig. 2.
If the two 4-vertices are adjacent then each 4-vertex has three more neighbors the
sum of whose degrees is 8. The only possible partition of 8 is 2+3+3, implying n3¿2.
This eliminates choices i and ii. A 2-vertex adjacent to a 4-vertex must be adjacent
to another 2-vertex, implying n2¿2. This eliminates choices iv and v. Remains the
vertex degree distribution iii for which the graph G4, depicted in Fig. 2, is easily
reconstructed.
By this we have examined all possibilities. The proof of Theorem 13 is
completed.
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Fig. 3. Connected non-regular tetracyclic harmonic graphs; they all have =3.
Without proof we announce the following result:
Theorem 14. There are exactly 18 connected non-regular tetracyclic harmonic graphs,
depicted in Fig. 3.
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